The interaction of an electromagnetic Gaussian Schell-model beam with a semi-rough target located in atmospheric turbulence was studied by means of a tensor method, and the corresponding inverse problem was analyzed. The equivalent model was set up on the basis of a bistatic laser radar system and a rough target located in a turbulent atmosphere. Through mathematical deduction, we obtained detailed information about the parameters of the semi-rough target by measuring the beam radius, coherence radius of the incident beam and the polarization properties of the returned beam.
Introduction
The issue of laser beam propagation in atmospheric turbulence has been explored widely over the past decades. It is well-known that atmospheric turbulence induces random variations in the phase, propagating direction and intensity of beams, which are characterized by beam spreading, beam wander and scintillation [1] [2] [3] . These phenomena have negative effects on the laser transport performance. In contrast to fully coherent beams, partially coherent beams are better at resisting the negative effects induced by atmospheric turbulence, and this has been verified in several experiments [4, 5] . Thus, partially coherent beams are expected to improve the performance of laser communication systems [6, 7] . The Gaussian Schell-model (GSM) beam [8, 9] is a representative partially coherent beam, whose intensity and spectral degree of coherence satisfy Gaussian distributions, and much attention has been paid to its transmission properties in free space or random media. Several relevant research methods have been proposed [10] [11] [12] .
Although researchers have made many efforts on the subject of GSM beam propagation through atmospheric turbulence [13] [14] [15] [16] [17] , most studies have been limited to scalar fields without considering the vector properties of light. The degree of polarization represents the relevance of two rectangular components of the electric field at one single point [18] [19] [20] . In 2003, a unified theory of coherence and polarization was proposed [21] , and this is highly advantageous for in-depth study of the spectrum, coherence and polarization of the beam [22] [23] [24] . The electromagnetic Gaussian Schell-model (EGSM) beam is a classical partially coherent vector beam and any point in this field has the same polarization [25] [26] [27] [28] [29] [30] . In recent years, a number of researchers have increasingly focused on the propagation of EGSM beams in free space and in random media [31] [32] [33] [34] [35] [36] [37] [38] . In comparison with the GSM beam, under appropriate conditions, the EGSM beam can significantly reduce the light fluctuations caused by atmospheric turbulence, and this conclusion has been well verified [39] [40] [41] . There are 2 of 10 numerous studies on the effect of atmospheric turbulence on the coherence degree and polarization state of an EGSM beam [42] [43] [44] [45] [46] . Many experimental and theoretical studies have demonstrated that EGSM beams have significant applications in many areas such as free-space optical communications, remote sensing, LIDAR systems, and optical illumination [47] [48] [49] .
In an active bistatic LIDAR system, the returned beam passing through atmospheric turbulence aggravates the system noise, and then, the detection accuracy and efficiency is reduced. Many studies have found that the properties of laser beams are affected by the transmission medium, besides target scattering [50] [51] [52] [53] [54] . Accordingly, it is necessary to study the combined action of the atmospheric turbulence and target scattering on laser beams with the object embedded in atmospheric turbulence. In previous work, attention has been focused on the forward transmission in atmospheric turbulence. The interaction of the EGSM beam with a semi-rough target located in atmospheric turbulence was explored in [39] ; the paper qualitatively analyzed the combined effect of the surface roughness and the object size on the coherence and polarization. In this paper, through inversion analysis of the interaction of isotropic EGSM beams with a semi-rough target in atmospheric turbulence, we found that it is possible to quantitatively obtain accurate parameters of the object surface by contrasting the characteristics of the incident beam and its returned beam.
We assumed the atmospheric turbulence to be homogeneous and isotropic. Moreover, the surface of the target was set as semi-rough and isotropic. The model of the target consisted of two components: a thin lens with good reflective properties and a thin phase screen to cause phase perturbations [55] [56] [57] [58] . The complete process was divided into three main stages. Firstly, the EGSM beam travels from the source plane to the target plane in atmospheric turbulence. Then, after the interaction of the laser beam with the object surface, the beam propagates from the target plane to the receiver plane. Finally, we calculated the degree of polarization of the returned beam and the detailed parameters of the object were derived.
Theoretical Analysis
We analyzed the propagation process with the help of a tensor method. The tensor method developed in [59] is quite useful for treating the propagation of a partially coherent beam in random media directly. With the aid of the calculation method, the atmospheric turbulence and the object surface are embedded in the optical system. The object is supposed to be isotropic. The representative model of the object is composed of a Gaussian mirror and a thin phase screen as shown in Figure 1 [56, 57] . All the optical elements in the system can be expressed in 4 × 4 tensor form.
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In comparison with the GSM beam, under appropriate conditions, the EGSM beam can significantly reduce the light fluctuations caused by atmospheric turbulence, and this conclusion has been well verified [39] [40] [41] . There are numerous studies on the effect of atmospheric turbulence on the coherence degree and polarization state of an EGSM beam [42] [43] [44] [45] [46] .Many experimental and theoretical studies have demonstrated that EGSM beams have significant applications in many areas such as free-space optical communications, remote sensing, LIDAR systems, and optical illumination [47] [48] [49] .
We analyzed the propagation process with the help of a tensor method. The tensor method developed in [59] is quite useful for treating the propagation of a partially coherent beam in random media directly. With the aid of the calculation method, the atmospheric turbulence and the object surface are embedded in the optical system. The object is supposed to be isotropic. The representative model of the object is composed of a Gaussian mirror and a thin phase screen as shown in Figure 1 [56, 57] . All the optical elements in the system can be expressed in 4 × 4 tensor form. According to the unified theory of coherence and polarization, 2 × 2 cross-spectral density matrices are used to describe the second-order statistical properties of the EGSM beam. In this paper, we use vector symbols to denote the matrices in different parts. W ij ( r) represents the EGSM beam generated by the source, W ij t represents the beam at the target plane, and W ij ( ρ) represents the beam at the receiver plane.
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Transmission from the Source to the Target Plane
At z = 0, the general expression for the elements of the cross-spectral density (CSD) matrix of the isotropic EGSM beam in the space-frequency domain can be expressed as follows [4] :
In this model, A i , A j are the spectral amplitudes of the electric field components; B ij is the complex correlation coefficient between two electric field components; σ i , σ j are the beam radius along two orthogonal directions, respectively; δ ij denotes the transverse coherence radius of field components, respectively. Also, δ ij = δ ji , B ij = B * ji follow from the fact W ij (r 1 , r 2 , ω) = W * ji (r 2 , r 1 , ω), which is obtained from the definition of the correlation matrix W. For a uniformly polarized source, we set σ x = σ y = σ [60] . Under this condition, every point in the source plane has an identical degree of polarization. Finally, the constraints to ensure the source can be realized are obtained as follows [21] :
The factor B ij obeys the following properties [40] :
In the source plane, the elements of the CSD matrix of the beam generated by an EGSM source can be expressed in the following form [17] 
where r T =(r 1 , r 2 ) T , I is a 2 × 2 unit matrix and M −1 0ij is a transpose symmetric matrix in the source plane. Following [54] , the atmospheric turbulence is supposed to be homogeneous and isotropic. The transmission process of the beam can be expressed in the tensor form. From the source plane to the target plane, under the paraxial approximation, the atmospheric propagation obeys the following generalized Collins formula [52] ,
Substituting from Equations (5)- (7) , we obtain the following expression for the elements of the CSD matrix of the EGSM beam at the target plane.
In the derivation process of Equation (8), the integral formula ∞ −∞ exp −ax 2 dx = π a has been used. Here, M −1 1ij denotes the partially coherent complex curvature tensors in the target plane, A, B, D and P are all 4 × 4 transfer matrices that describe the optical system,
where C 2 n is the refractive-index structure parameter and k = 2π/λ is the wave number.ρ 0 is the coherence length of a spherical length propagating in weak atmospheric turbulence with Kolmogorov power spectrum.
Transmission from the Target to the Receiver Plane
As mentioned in the previous section, we assume that the surface of the target is isotropic and semi-rough. We describe the surface using a helpful model proposed by Goodman several years ago [58] . The model can be thought of so that, under some conditions, surface scattering is regarded as passing through a thin random phase screen. Therefore, we use Equations (12) and (13) to describe the action of the target scattering on laser beams.
where "< >" denotes an ensemble average, " * " denotes the complex conjugate, and t T =(t 1 , t 2 ) T . w R is the target size, l c is the typical transverse correlation width, and β is the normalization parameter. Similar to Equation (7), after the combined action of atmospheric turbulence and target scattering on a laser beam, the atmospheric propagation obeys the following generalized Collins formula from the target plane to the receiver plane [52] .
Substituting from Equations (8), (12)- (14) , the elements of the CSD matrix of the EGSM beam at the receiver plane are given by the following expressions,
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where M −1 2ij denote the partially coherent complex curvature tensor in the receiver plane, respectively. According to the tensor method, we can express M −1 2ij as follows,
Then, Equation (15) reduces to
From Equation (18), we can obtain the following equations
By substituting Equations (6), (9), (13), (16), (18) and (19), we obtain the following equations
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Degree of the Polarization
According to the definition, the spectral degree of polarization of the EGSM beam at a point ρ is defined as the following expression [18] ,
where "Tr" and "det" denote the trace and the determinant of a matrix. The amplitudes of the electric field components along x and y directions are selected with the same value, then, in Equation (4) A x = A y = 1 and δ xx = δ yy = δ. Using the relation, δ xy = δ yx and Equations (4), (9), (16) and (30), we can obtain the degree of polarization of the received beam
For simplicity, we choose points on the optical axis (ρ = 0), then Equation ( 
After several operations, we obtain the following relations
From Equation (20), we can determine the following equation:
By solving Equations (34) and (35) , we obtain the following solutions for w 2 R :
By applying Equations (35) and (36), we obtain the following solutions for l 2 c :
Because of the properties of quadratic equations, we get two sets of solutions for w 2 R , l 2 c by solving Equations (37), (38), (43) and (44) . In fact, there is only one set of solutions that corresponds to the target. Therefore, it is necessary to find the correct solutions. After measuring the σ in , δ xx , δ xy , σ xyout , P out (0, z, ω) in the experiment, we obtain the two sets of solutions for w 2 R , l 2 c by applying Equations (37), (38) , (43) and (44) . Then, we can substitute these values into Equations (25) and (26) to calculate the values of σ xyout , P out (0, z, ω), and these are the correct solutions, the obtained values of which are equal to the measured values of σ xyout and P out (0, z, ω).
Let us consider an example, the target is set 500 m away from the light source, when the parameters of source beams and the turbulence are λ = 1550 nm, σ in = 2.5 cm, δ xx = 5 mm, δ xy = 6 mm, C 2 n = 10 −15 m −2/3 , the parameters of the received beam are σ xyout = 7.5 cm, P out (0, z, ω) = 0.32. Through applying Equations (37), (38), (43) and (44), we get the information for the target surface w R = 1 m, l c = 3 mm without considering other invalid solutions. After calculating Equations (34) and (35) , the values of σ xyout , P out (0, z, ω) are the same as the measured values.
Based on the parameter measurement system of EGSM beams proposed in [8] , the experimental measurement of the received beam radius σ xyout can be carried out easily and efficiently. Moreover, according to [61] , by using the polarizer and quarter-wave plate, we can also measure the degree of polarization in the receiver plane P out (0, z, ω).
Conclusions
By applying the tensor method for treating the propagation of light beams through the ABCD system, we carried out an analysis of the interaction of an isotropic EGSM beam with a semi-rough object located in atmospheric turbulence. Analytical formulas were derived for predicting the typical roughness and size of the target surface, and we found that we can obtain the detailed parameters (w R and l c ) of the target surface by measuring σ in the effective radius of the incident beam, δ xx the coherence widths of x components, δ xy the mutual correlation function of x and y field components of the illumination beam and P out (0, z, ω) the degree of polarization on the optical axis and σ xyout the beam radius of the returned beam. Our results are helpful in the application of active bistatic LIDAR systems. 
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